ABSTRACT: The mechanical response of networks, gels, and brush layers is a manifestation of the elastic properties of the individual macromolecules. Furthermore, the elastic response of macromolecules to an applied force is the foundation of the single-molecule force spectroscopy techniques. The two main classes of models describing chain elasticity include the worm-like and freely jointed chain models. The selection between these two classes of models is based on the assumptions about chain flexibility. In many experimental situations, the choice is not clear, and a model describing the crossover between these two limiting classes is therefore in high demand. We are proposing a unified chain deformation model that describes the forcedeformation curve in terms of the chain bending constant, K, and bond length, b. This model demonstrates that the worm-like and freely jointed chain models correspond to two different regimes of polymer deformation, and the crossover between these two regimes depends on the chain bending rigidity and the magnitude of the applied force. Polymer chains with bending constant K > 1 behave as a worm-like chain under tension in the interval of the applied forces f e Kk B T/b and as a freely jointed chain for f g Kk B T/b. (k B is the Boltzmann constant and T is the absolute temperature.) The proposed crossover expression for chain deformation is in excellent agreement with the results of the molecular dynamics simulations of chain deformation and singlemolecule deformation experiments of biological and synthetic macromolecules.
A polymer chain under tension is one of the classical problems of polymer physics. 1 The solution of this problem is of paramount importance for understanding swelling and deformation of polymeric and biological networks and gels [1] [2] [3] and deformation of polymer chains in external flow, 4 for elucidating factors controlling structure of polymer brushes, 5, 6 and for analysis of force spectroscopy experiments. [7] [8] [9] The force spectroscopy experiments on DNA, RNA, actin, and microtubules filaments provide information about stresses and strains experienced by molecules during biological processes such as molecular recognition between DNA and proteins, protein-induced bending of DNA, cytoskeleton polymerization, and energy transduction during the ATP cycle in molecular motors. [7] [8] [9] Unfortunately, the interpretation of the force-elongation experiments and the obtained values of elastic constants is model-dependent and heavily relies on the assumptions used in the data analysis.
There are several models developed to describe chain deformation. 1 The freely jointed class of chain models 1 is usually applied to the deformations of flexible polymers. The deformations of stiff biological macromolecules such as DNA and biological filaments are described by the class of worm-like chains (WLCs). [9] [10] [11] In the small force limit, the models from both classes give a linear relationship between the magnitude of the applied force, f, and the chain elongation along the force direction, R f , 1 but at large pulling forces, the models from these two classes demonstrate qualitatively different power law dependences of the tension f on the difference between the chain size R f and its maximum value R max . For the models belonging to the class of freely jointed chains (FJCs), the force is inversely proportional to this difference, f µ (R max -R f ) -1 , whereas for the models from the class of the WLCs, the force f exhibits a stronger divergence f µ (R max -R f ) -2 .
Computer simulations of chain models with finite bending rigidity show the existence of two nonlinear deformation regimes under tension. [12] [13] [14] In the interval of the applied forces f smaller than the crossover value f c , a polymer chain behaves as a WLC with force proportional to f µ (R max -R f ) -2 . However, when the value of the applied force f exceeds the critical value f c , one observes the FJC behavior f µ (R max -R f ) -1 . The crossover between these two nonlinear deformation regimes is modeldependent and is controlled by the chain bending rigidity. The theoretical interpretation of these results was done on the scaling level by introducing force-dependent chain persistence length 14 or by using asymptotic results for strong chain deformations. 12, 13 These approximations are reasonably good for very stiff chains for which the crossover between different nonlinear deformation regimes occurs in the limit of large chain deformations. However, for less stiff and more flexible chains, the crossover is located in the intermediate range of chain deformations, and the proposed approximations lead to large errors. Furthermore, the majority of experimental systems, for which crossover between different deformation regimes can be observed, belong to the class of flexible polymers. Therefore, accurate interpretation of the experimental results requires a more precise expression describing chain deformation in the entire interval of the applied forces.
In this Article, we study a discrete chain model with a bending potential. This model has a parameter, the effective bending constant; by changing which, one can crossover between WLC and FJC models. We present analytical solutions of this model that provide a crossover expression describing chain deformations in the entire interval of the applied forces with an accuracy better than 1%. We used this expression to describe the crossover between WLC and FJC models in terms of the chain rigidity and the magnitude of the applied force. Application of our expression to the results of singlemolecule experiments and computer simulations suggests universality of the force-elongation dependence of polymer chains.
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Consider a chain with N bonds of constant length, b. The ends of this chain are pulled by a pair of external forces of equal magnitude f and opposite directions. For simplicity, we will assume that these external forces are parallel to the z axis. We can describe a chain conformation by a set of unit vectors n Bi pointing along the chain bonds. The potential energy of the chain with the bending modulus k B TK (where k B is the Boltzmann constant, T is the absolute temperature, and K is the chain bending constant) in a given conformation includes contributions from the bending energy and from the external forces
The first term in the right-hand side of eq 1 describes the chain bending rigidity. The value of the parameter K controls the orientational correlations between bond vectors. In the case of the large values of the parameter K . 1, the potential energy of a polymer in our model (eq 1) describes a WLC under tension. However, as the value of the parameter K approaches zero, K f 0, our model (eq 1) describes the deformation of a FJC. Therefore, by varying the value of the bending constant K, one can cover both WLC and FJC regimes. We can evaluate chain deformation in the two limiting cases of small and large values of the applied forces. In the limit of weak forces, we can consider the force term in the rhs of eq 1 as a perturbation. Using this approximation, the average value of the projection of the unit bond vector on the force direction is equal to
where brackets AE ae and AE ae 0 denote averages with the statistical weights corresponding to the chain's potential energy U({n Bi},f ) with and without force, respectively. (See eq 1.) This chain deformation regime is referred to as the linear deformation regime in the chain deformation diagram shown in reduced force f~= fb/k B T, bending constant K plane. (See Figure 1 .) The Kuhn length in our model is equal to
It depends on the average value AEcos(θ)ae 0 of the cosine of the angle θ between two consecutive bond vectors along the polymer backbone. Note that in the case of large values of the bending parameter K . 1 the Kuhn length is equal to b K = 2bK. In the opposite limit K , 1, the Kuhn length approaches the bond length, b. The average projection of the end-to-end vector on the direction of deformation is related to the average value of the projection of the unit bond vector on the direction of the applied force AEn z ae by the equation
In the case of large magnitude of the applied force, f > k B T/b K , the average value of the projection of the unit vector on the direction of the applied force AEn z ae is close to unity. In this regime, we can perform the mode spectrum analysis of the bond vectors n Bi . (See Appendix A.) This approach shows that the chain deformation and the magnitude of the applied force are related as follows
Equation 5 can be transformed to the quadratic equation for the reduced force. The solution of this equation gives the relationship between the normalized external force f~and chain size AER z ae (or average projection of the bond unit vector AEn z ae, eq 4) in the nonlinear deformation regime.
The interesting consequence of this equation is that there are two nonlinear regimes of the pulling force dependence on the average chain extension. In the intermediate force interval
This is exactly the expected dependence for the worm-like class of polymer chains under tension. 1 Note that the width of this regime shrinks with decreasing bending constant, K. (See the nonlinear WLC deformation regime in Figure 1 .)
In the opposite limit of very large forces f~.
Therefore, our model in the large force limit behaves as an FJC with polymer deformation being independent of the bending rigidity, K. (See the nonlinear FJC deformation regime in Figure 1 .) This should not be surprising because in this limit the force term in eq 1 dominates over the bending term and controls chain elasticity on length scales smaller than the Kuhn length. A more accurate location of the crossover between the nonlinear WLC and nonlinear FJC deformation regimes can be obtained by equating eqs 7a and 7b, solving the resultant equation for AEn z ae ≈ (1 -1/(2K)) 1/2 , and substituting this solution Figure 1 . Note that eq 6 describing the nonlinear chain deformation can be reduced to the expressions derived in ref 12 by setting AEn z ae ≈ 1 and approximating 1 -AEn z ae 2 by 2(1 -AEn z ae). Combining the force-elongation relation (eq 6) for the nonlinear chain deformations (1 -AEn z ae 2 , 1) with eq 2 for the linear chain deformation regime (AEn z ae 2 , 1), we propose a crossover expression that describes polymer deformation in the entire interval of applied forces
where we have added terms
/b) linear in AEn z ae to ensure the proper linear force-extension dependence. (See eq 2.) Equation 9 is the main result of this Article. Note that for the discrete chain model with bending potential (eq 1), the Kuhn length depends on the bond length, b, and the value of the bending constant, K. (See eq 3.) Therefore, there are only two independent parameters that describe chain deformation. The Kuhn length, b K , determines the chain elastic response at small deformations and the crossover to the nonlinear regime ( f ≈ k B T/b K ), whereas the bending constant, K, controls forceelongation dependence in the intermediate range of the applied forces and the crossover (f ≈ f~ck B T/b) between nonlinear WLC deformation regime and nonlinear FJC deformation regime. (See Figure 1 .) It is interesting to point out that in the limit of large K, for which b K ≈ 2Kb, eq 9 reduces to the expression for the deformation of semiflexible chains derived in ref 15
Below we test our model of chain deformation by analyzing the single-molecule force-extension data from computer simulations and experiments. (The details of this analysis are given in Appendices B and C, respectively.) To test how well eq 9 describes chain deformation, we have performed simulations of the bead-spring chains consisting of N m = 200 monomers with different values of the bending constant K. The simulation details are provided in Appendix B. Figure 2 displays the results of the molecular dynamics simulations of these chains under tension. The lines correspond to eq 9 where the Kuhn lengths b K were calculated from the value of the bending constant K using the theoretical expression for this model (eq 3) and the bond length b was obtained from simulations for each set of bond potential parameters. (See Appendix B.) The agreement between the analytical expression for the chain deformation (eq 9) and the simulation results is excellent. The deviation between the simulations and the theoretical curves is <1% throughout the entire interval of chain deformations. There is a slightly larger deviation (∼3%) of the analytical expression from the simulation results for chains with K > 25 in the small force limit. For these chains, the Kuhn length b K ≈ 2bK approaches their contour length bN, and one has to keep all terms in the sum in the eq 2 to correctly account for the finite N effects.
We have also used simulation results to compare the accuracy of different chain deformation models. (See Appendix D.) 12, 14 The analysis shows that our eq 9 is the most accurate expression describing chain deformation in the entire interval of the applied forces. For example, for chain with K = 1, the maximum deviation of eq 9 from the simulation results does not exceed 1%. At the same time, the expression by Rosa et al. 12 shows a deviation of 6% for AEn z ae ≈ 0.5. Even larger error ∼10-15% in the same chain deformation range is observed for the Toan and Thirumalai expression. 14 The difference between expressions drops to <1% when the chain deformation AEn z ae exceeds 0.9. The detailed comparison between different chain deformation models can be found in Appendix D.
For the other models, such as freely rotating chain model, 1 the effective bending potential can only be defined for a sequence of several bonds. We need to define effective bonds of length b e and effective bending constant K e to map the force-elongation curves for this chain model onto our model (eq 1). For the discrete chain model, the value of the effective bond length b e and the value of the effective bending constant K e are related to each other by the equation analogous to eq 3
The Kuhn length b K for the freely rotating chain model can be calculated from the analytical expression. (See eq B.5.) 1 In this case, we can substitute eq 11 for the effective bond length b e into eq 9 and use eq 9 to evaluate the value of the bending constant K e by fitting the chain deformation data to eq 9. Figure 3 shows results of the molecular dynamics simulations of the freely rotating chain model. (See Appendix B for details.) The lines correspond to the best fit to eq 9 by considering K e as an adjustable parameter. Inset shows the dependence of the effective chain bending constant on the value of the bond angle. Once again, we see an excellent agreement between simulation and analytical results. (See Appendix B for details.) Similar analysis can be applied to describe deformation of other chain models 1 as well as experiments. To illustrate this, we have performed simulations of deformation of a chain with hindered internal rotations 1 and with the force-field parameters corresponding to polyethylene chain. 16 For this chain model, the force-elongation curve is close to that of a freely rotating chain with the value of the bond angle 50°. (See Figure 3 .)
We applied eq 9 together with eq 11 to reanalyze the experimental data on single-chain deformation. In Figure 4 , we plotted the dependence of the effective chain bending constant K e on the ratio b K /b e of the Kuhn length to the effective bond length b e for several different polymers including the single-stranded DNA at different salt concentrations, 17 polymethacrylic acid, 18 polystyrene, 19 polydimethylsiloxane, 20 dextran, 21 methlycellulose, 22 doublestranded DNA, 23 N2B domain of titin, and PEVK domain of titin. 24 (See Appendix C for details.) The data follow the line obtained for parameters of the discrete chain model with bending potential (eq 11), indicating a successful mapping of the real polymeric systems on our model.
To illustrate universality of the crossover between FJC and WLC for chains described by different chain models and for experiments, we combined simulation data for the discrete chain model with bending potential (eq 1), the freely rotating chain model, chain with hindered internal rotations, and experimental data and show in Figure 5 the dependence of the reduced forcẽ f e /AEn z aeK e on the parameter K e (1 -AEn z ae 2 ). The dashed line on this plot corresponds to eq 5, which describes both nonlinear deformation regimes as well as the crossover between them very well
Note that for the discrete chain model with bending potential (eq 1), K e = K and b e = b. One can clearly identify two nonlinear chain deformation regimes in Figure 5 . In the intermediate force interval
/b e , we observe the power law scaling f µ (1 -AEn z ae 2 ) -2 representative of the WLC behavior, whereas in the large force limit, K e k B T/b e < f, the scaling dependence changes to f µ (1 -AEn z ae . The surprising result of this plot is that even chains with bending constants K = 1 and 2, which one would consider to be flexible chains, still exhibit a WLC deformation dependence of the chain elongation on the applied force in the intermediate force range. The deviation from the universal curve at weak forces represents the crossover to the linear deformation regime with the average value of the projection of the unit bond vector on the direction of the applied force AEn z ae proportional to the force f. (See Appendix A for details.) Note that the deviation from the universal behavior should also be observed in the limit of very large forces when chain elongation results in the deformation of the bond angles and bond lengths. 9, 11 The force f c corresponding to the crossover between the WLC and FJC regimes depends on the value of the effective bending rigidity K e and effective bond length b e . Using eq 8, we can Table C1 .) In the case of a rigid molecule such as double-stranded DNA with the persistence length on the order of 40 nm, the upper boundary of the WLC regime is located at f µ 4 nN, which is outside the range of stability of double helix. Therefore, one can safely use the WLC model in the entire interval of the accessible forces for double-stranded DNA.
For simplicity, we did not take into account the interactions between the monomers that are remote along the polymer backbone. These interactions lead to chain swelling and can alter the chain behavior in the weak force limit. 1 However, we do not expect these effects to be significant in the case of nonlinear chain deformation and to change the crossover between WLC and FJC deformation regimes. The excluded volume interactions can only influence the location of the crossover to linear chain deformation regime. Note that our model can also be extended to include the effect of the bond elongation using the formalism developed in ref 15 .
In conclusion, we have derived the crossover expression for chain deformation (eq 9), which correctly describes chain elongation in the entire interval of the applied forces. This expression confirms the existence of two nonlinear chain deformation regimes. With increasing force magnitude, the chain deformation first scales with the applied force as AER z ae/R max µ 1 -(4 fK e b e /k B T)
and then as AER z ae/R max µ 1 -(fb e /k B T)
. The force corresponding to the crossover between these two regimes is a function of the chain flexibility and is controlled by the effective bending rigidity, K e , and the effective bond length, b e . Our expression (eq 9) is in excellent agreement with the simulation results to an accuracy better than 1%. This expression for the force-deformation curve was used for the interpretation of the force spectroscopy data by considering b K and K e as fitting parameters. This allowed us to express parameters of the real polymeric systems in terms of the parameters describing deformation of the discrete chain model with bending potential. (See eq 1.)
The model of chain deformation presented in this paper can be applied to describe nonlinear elasticity of biological and polymeric networks and gels, [1] [2] [3] 25 chain deformation in brush layers, 5 and structure of polyelectrolyte chains in dilute and semidilute solutions where electrostatic forces between ionized groups can result in strong chain elongation. 26 Our approach can also be extended to model deformation of molecular brushes and branched macromolecules. 
Appendix A. Mode Spectrum Analysis of Chain Deformation
Below, we present details of the mode spectrum analysis of the chain's potential energy given by eq 1, extending the formalism developed in ref 15 . To calculate averages with the Boltzmann weights corresponding to the chain's potential energy given by eq 1, it is useful to introduce the normal coordinates for a set of the bond vectors {n Bi}
In this representation, the chain's potential energy is the quadratic function of the mode amplitudes
where we defined functions GðkÞ ¼ 2Kð1 -cosðkπ=NÞÞ ðA.3Þ
and used the expression for the reduced force f~= fb/kB T.
In the normal mode representation, the bond-bond correlation function G(l) describing the decay of the orientational memory along the polymer backbone
is equal to
It is important to point out that the normal modes are not independent. This is due to the constraint on the value of the bond-bond correlation function G(l) at l = 0, which should be equal to unity
AEða Bk 3 a B -k Þae ðA.7Þ
To account for this constraint, we will introduce a Lagrange multiplier, μ, and modify the expression for the chain's potential energy as follows
The complication in calculating averages with the chain's potential energy, given by eq A.8, arises because it requires knowledge of the orientations of the vector a Bk . Let us evaluate averages over mode amplitudes in two limiting cases of small and large values of the applied force. In the small force limit, f~, 1, we can consider the force term in the rhs of the eq A.2 to be a perturbation. In this approximation, the average value of the projection of the unit bond vector on the direction of the force is equal to
where brackets AE ae and AE ae 0 denote averages with the statistical weights corresponding to U({a Bk }, f,μ), and U({a Bk },0,μ) respectively. To calculate the averages in eq A.9, we will set a Bk = a B-k and consider interval k g 0. This results in the following relations
ðA:10Þ
Note that in this approximation each vector a Bk has only two independent components because eq A.1 is a linear transformation. Taking eq A.10 into account, the rhs of eq A.9 reduces to
AEn z ae % 2f 3πN
where we defined
GðqÞ þ μ ðA.12Þ
In obtaining eq A.11, we have introduced q = kπ/N and substituted summation by integration. In the case of large force amplitudes, we can assume that the average component of the vectors a Bk points in the direction of the applied force. Therefore, the addition of the external constant force changes the average value of the amplitude of the mode component along the z axis to resulting in the following expression for the average value of the unit bond vector
Combining eqs A.11 and A.14, we have
ðA.15Þ
where the Lagrange multiplier μ is the solution of the nonlinear equation
ðA.16Þ
Therefore, to obtain all averages, we have to know the integral in the following form
where β = 2K/(2K þ μ). (For evaluation of the integral, see G.R. 3.613.1.
28
) We can use eq A.17 to obtain the explicit expression for A.16
and evaluate the value of
where we have introduced
ðA.20Þ
Consider two limiting cases
ðA.21Þ
Substitution of these solutions into eq A. 19 shows that the value of the Lagrange multiplier, controlling the norm of the unit bond vector, is equal to μ %f AEn z ae ðA.22Þ
in the large force limit. This reduces eq A.18 to
ðA.23Þ
The force-deformation relation covering the entire interval of the applied force can be described by the following crossover equation
To illustrate different regimes of chain deformation, we plot dependence of the reduced force f~/K AEn z ae on the chain deformation parameter K(1 -AEn z ae 2 ) in Figure A1 . One can clearly identify three different regimes of chain deformation: the FJC regime in the large force interval, the WLC regime in the intermediate force interval, and linear deformation regime where the average value of the projection of the unit vector on the direction of the applied force is proportional to the force magnitude, AEn z ae µ f~. The lines end at points with coordinates (K, 3b/Kb K ). The crossover to the linear chain deformation regime is manifested by the deviation of the chain deformation curves from the universal line with slope -2, describing the chain's deformation in the nonlinear WLC regime.
Appendix B. Simulation Details
Chains with Bending Potential. We performed simulations of different chain models under tension. First, we will outline simulation details for the discrete chain model with bending potential. where k spring is the spring constant and the maximum bond length is R max = 1.5σ. The repulsive part of the bond potential was modeled by the truncated shifted LennardJones potential. We have performed simulations of chains with k spring = 100k B T/σ 2 , ε LJ = 1.0k B T, K = 1, 2, and 5 and k spring = 30k B T/σ 2 , ε LJ = 0.34k B T for all other values of the chain bending constants K. The larger value of the spring constant was selected to minimize the effect of the bond stretching at large chain deformations. In our simulations, the values of the bond length were equal to b = 0.9032σ and 0.9175σ for strong and weak spring constants, respectively. In the case of the weak bonds, the bond length increases to 0.948 (5% increase) for fσ/k B T = 20, whereas for the strong bonds, it is equal to 0.918 (0.5% increase).
The chain bending rigidity was introduced to the model through a bending potential controlling the mutual orientations between two neighboring along the polymer backbone unit bond vectors n Bi and n Biþ1
The bending constant K was varied between 1/64 and 160. The simulations were performed at a constant temperature, which was maintained by coupling the system to the Langevin thermostat. The motion of monomers was described by the following equations,
where m is the bead mass, v Bi(t) is the bead velocity, and F Bi(t) denotes the net deterministic force acting on the ith bead. The stochastic force F Bi R (t) has a zero-average value AEF Bi R (t)ae = 0 and δ-functional correlations AEF Bi
The friction coefficient ξ was set to ξ = 0.143m/τ LJ , where τ LJ is the standard LJ time τ LJ = σ(m/k B T) 1/2 . The velocityVerlet algorithm with a time step Δt = 0.01τ LJ was used for integration of the equations of motion eq B.3. We performed simulations by using the following procedure: at the beginning of each simulation run, a chain in a random walk configuration was placed in the center of the simulation box. A pair of constant forces, f, was applied to both ends of a chain pointing in opposite directions along the z axis. The magnitude of the force was varied between 10 -3 and 50 k B T/σ. The system was pre-equilibrated for 2 Â 10 7 MD steps. This was followed by a production run lasting 2 Â 10 8 MD steps. All simulations were performed using LAMMPS. 29 Freely-Rotating Chain Model. In addition to simulations of the discrete chain model with bending potential, we performed simulations of chains described by the freely-rotating chain model with values of the bond angles θ 0 between 80 and 15°. The values of the bond angles were fixed by imposing a parabolic bond angle potential
ðB.4Þ
where K angle = 300k B T/rad 2 . The bond length in these simulations was maintained by the FENE and truncated shifted Lennard-Jones potentials with k spring = 30k B T/σ 2 and ε LJ = 0.34k B T. The Kuhn length for this model is equal to
Chain Model with Hindered Rotations. To compare the different models of polymer chains with the models of real chains, we performed molecular dynamics simulations of the deformation of chains with dihedral potential corresponding to a coarse-grained model of a polyethylene chain. The bond, bond angle, and dihedral angle potentials for this chain model are 30 and the dihedral potential parameters are from Sumpter et al. 16 The simulations were performed at temperature T = 300 K. The chain degree of polymerization for these simulations was N m = 200. The integration time step was 1.0 fs, and simulations continued for 200 ns. The value of the Kuhn length for this model is equal to
In Table B1 , we summarized the fitting parameters for force-elongation curves obtained from MD simulations of freely rotating and PE chain models. The quality of the fit is characterized by the value of fit uncertainty σ n . (See eq D.6.)
Appendix C. Comparison with Experiments
We applied eq 9 to analyze the force-chain deformation curves for single-stranded DNA in salt solutions of different ionic strengths, 17 polymethacrylic acid, 18 polystyrene, 19 polydimethylsiloxane, 20 dextran, 21 methlycellulose, 22 double-stranded DNA, 23 N2B domain of titin, and PEVK domain of titin. 24 In experiments, one usually measures the average projection of the end-to-end distance AER z ae on the direction of the applied force as a function of the force magnitude. Unfortunately, the exact value of the chain degree of polymerization is unknown. Therefore, we have modified our eq 8 and considered the size of the fully extended chain R max as an additional adjustable parameter. With this modification, eq 9 transforms to
where we substituted AEn z ae = AER z ae/R max . The value of the effective bond length b e for the fitting procedure was set to
ðC.2Þ
In Figure C1 , we show the results of the least-squares fitting procedure of the deformation curves of the single-stranded DNA molecules of four different lengths stretched at salt concentration 5 M 17 to our eq C.1 by considering R max , b K , and K e as adjustable parameters. The agreement between eq C.1 and the experimental data is very good. The values of the fitting parameters and of the effective bond length b e are summarized in Table C1 . Note that the same procedure was used to fit experimental data for all other polymeric systems. For fitting double-stranded DNA data, we set b e = 0.34 nm, which corresponds to the average projection length per base pair.
Using values of the fitting parameters given in Table C1 , one can obtain values of the forces that separate different chain deformation regimes shown in Figure 1 . In Figure C2 , we replotted Figure 1 and added the data points corresponding to the values of the crossover forces obtained from the fitting parameters of the chain deformation curves. The dashed lines in Figure C2 correspond to experimentally accessible force intervals before energetic effects due to bond length and bond angle deformations start to contribute to the chain elasticity.
eq D.3, we only used the interval of the applied forces for which AEn z ae > 0.5. This interval of chain deformations was used by Toan and Thirumalai to fit the experimental data. All expressions show a very good agreement with the simulation results in the case of strong chain deformations. It should not be surprising because all three expressions converge to the same asymptotic expression in the limit AEn z ae f 1. However, eqs D.2 and D.3 show larger deviations from simulation results in the range of intermediate forces.
Let us now solve an inverse problem by considering simulation data as deformation data of a chain with unknown value of the bending rigidity, K. By performing this test, we will establish how accurate different expressions for chain deformation can recover The results of this test are listed in Table D1 . It follows from this Table that our eq D.1 performs better than eq D.2 for both sets of simulation data. The largest difference between the actual value of the chain bending constant K and the one obtained from the fitting procedure is observed for eq D.2 and data set corresponding to K = 1. The fitting method of the simulation data to eq D.2 gives the value of the parameter K equal to K = 1.12 with the error of 12% (to be compared with 0.1% error for fitting this data set K = 1 by eq D.1). The agreement between actual value of the bending constant and ones obtained from the fitting procedure improves with increasing the chain bending rigidity. Similar tests were conducted for the freely rotating chain model and the coarse-grained model of a polyethylene chain. Both expressions produced comparable values of the chain bending constants. However, our expression eq D.1 shows smaller value of the uncertainty σ n . (See Table D1 .)
In the case of the analysis of the experimental data, the number of the fitting parameters increases to three because in addition to Kuhn length, b K , and bending constant, K e , one has to simultaneously optimize the maximum chain length, R max . (See Appendix C.) In this case, fitting by both eqs D.1 and D.2 provides close value of the maximum chain length R max . (See Table D1 .) There is a larger difference in the values of the chain bending constant K e and Kuhn length b K . The values of uncertainty are close for both fits. This shows that the advantage of a more accurate expression diminishes with increasing the number of the adjustable parameters and the decreasing accuracy of data.
